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REPRESENTATIONS OF FINITE NUMBER OF QUADRATIC
FORMS WITH SAME RANK
DAEJUN KIM AND BYEONG-KWEON OH
Abstract. Let m,n be positive integers with m ď n. Let κpm,nq be the
largest integer k such that for any (positive definite and integral) quadratic
forms f1, . . . , fk of rank m, there exists a quadratic form of rank n that rep-
resents fi for any i with 1 ď i ď k. In this article, we determine the num-
ber κpm,nq for any integer m with 1 ď m ď 8, except for the cases when
pm, nq “ p3, 5q and p4, 6q. In the exceptional cases, it will be proved that
1 ď κp3, 5q, κp4, 6q ď 2. We also discuss some related topics.
1. Introduction
For a positive integer m, let φmpX,Y q be the classical modular polynomial (for
the definition of this, see [5]). For three positive integersm1,m2, andm3, Gross and
Keating [5] showed that the quotient ringRpm1,m2,m3q “ ZrX,Y s{pφm1 , φm2 , φm3q
is finite if and only if there is no positive definite binary quadratic form Qpx, yq “
ax2 ` bxy ` cy2 over Z which represents the three integers m1,m2,m3. Moreover,
when m1,m2,m3 satisfy this condition, they found an explicit formula for the car-
dinality of Rpm1,m2,m3q. Later, Go¨rtz proved in [6] that there is no positive
definite binary quadratic form Qpx, yq “ ax2 ` bxy ` cy2 over Z which represents
m1,m2,m3 if and only if every positive semi-definite half-integral quadratic form
with diagonal pm1,m2,m3q is non-degenerate.
Motivated by the above, we consider the following problem: For positive integers
m and n, find the largest integer k such that for any positive definite quadratic forms
f1, f2, . . . , fk with rank m, there is a quadratic form of rank n that represents fi
for any i with 1 ď i ď k. In this article, the largest integer k satisfying the above
property will be denoted by κpm,nq. As a sample, if m “ 1 and n “ 2, which is
exactly the above case, then one may easily show that there does not exist a binary
quadratic form that represents 1, 2, and 15. Since there is always a binary quadratic
form representing any two positive integers given in advance, we have κp1, 2q “ 2.
It seems to be very difficult problem to determine the number κpm,nq for arbitrary
positive integersm and n. The aim of this article is to determine the number κpm,nq
for any positive integer m with m ď 8 except for the cases when pm,nq “ p3, 5q
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and p4, 6q. In the exceptional cases, we only have 1 ď κp3, 5q, κp4, 6q ď 2. We also
discuss some related topics.
The subsequent discussion will be conducted in the better adapted geometric
language of quadratic spaces and lattices. A Z-lattice L “ Zx1`Zx2`¨ ¨ ¨`Zxm of
rank m is a free Z-module equipped with non-degenerate symmetric bilinear form
B such that Bpxi, xjq P Q for any i, j with 1 ď i, j ď m. The m ˆ m matrix
pBpxi, xjqq is called the corresponding symmetric matrix to L, and we write
L – pBpxi, xjqq .
The corresponding quadratic map is defined by Qpxq “ Bpx, xq for any x P L. If
Bpxi, xjq “ 0 for any i ‰ j, then we write L “ xQpx1q, . . . , Qpxmqy.
We say a Z-lattice L is positive definite if Qpxq ą 0 for any non-zero vector x P L,
and we say L is integral if Bpx, yq P Z for any x, y P L. We say L is non-classic
integral if Qpxq P Z for any x P L. Throughout this article, we always assume that a
Z-lattice is positive definite and integral, unless stated otherwise. In Section 2, we
also consider representations of even integers by an even integral Z-lattice, which
corresponds to representations of integers by a non-classic integral Z-lattice. Here
we say a Z-lattice L is even if Qpxq P 2Z for any x P L. Note that any even Z-
lattice is integral. For any positive integer j not greater than m, the j-th successive
minimum of L will be denoted by mjpLq. For the precise definition and various
properties on the successive minima, one may consult Chapter 12 of [2].
For two Z-lattices ℓ and L, we say ℓ is represented by L if there is a linear map
σ : ℓÑ L such that
Bpσpxq, σpyqq “ Bpx, yq for any x, y P ℓ.
Such a linear map σ is called an isometry from ℓ to L. If ℓ is (not) represented by
L, then we will use the notation
ℓÑL pℓÛL, respectivelyq.
For any positive integer m, a Z-lattice L is said to be m-universal if L represents
all Z-lattices of rank m. We define
uZpmq :“ mintrankpLq : L is m-universalu.
It is well known that uZpmq should be greater than or equal to m ` 3. In fact,
uZpmq “ m ` 3 for any integer m with 1 ď m ď 5, and uZpmq “ 13, 15, 16, 28, 30
for m “ 6, 7, 8, 9, 10, respectively (see [10]). Furthermore, it is well known that
there are only finitely many m-universal Z-lattices of minimal rank uZpmq up to
isometry, and for any m with 1 ď m ď 8, the complete lists of candidates of
m-universal Z-lattices with rank uZpmq can be found in [1], [3], [7], [10], and [13].
As stated above, the aim of this article is to determine κpm,nq for any integer
m with 1 ď m ď 8. If n ě uZpmq, then there is an m-universal Z-lattice. Hence we
may naturally define κpm,nq “ 8 in this case. Therefore, we always assume that
m ď n ď uZpmq ´ 1.
For an integer m, we define Ppmq the set of prime divisors of m.
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For any integers a and b, if ab´1 P pRˆq2, then we write a „ b over R, where R
is either the p-adic integer ring Zp or p-adic field Qp for some prime p.
Any unexplained notation and terminology can be found in [8] or [11].
2. Quadratic forms representing finite number of positive integers
Recall that for any positive integers m,n, we define κpm,nq the largest integer
k such that for any Z-lattices ℓ1, ℓ2, . . . , ℓk of rank m, there always is a Z-lattice of
rank n that represents ℓi for any i with 1 ď i ď k. In this section, we determine
κp1, nq for any positive integer n. Since there is a universal Z-lattice of rank 4, it
suffices to consider the case when 1 ď n ď 3. To begin with, we start proving the
following general properties on κpm,nq.
Theorem 2.1. Let m and n be positive integers such that m ď n, and let κpm,nq
be the integer defined above. Then we have the following properties:
(i) κpm,mq “ 1 for any positive integer m;
(ii) κpm` 1, n` 1q ď κpm,nq ď κpm,n` 1q;
(iii) κp1, 2q “ 2 and κpm,m` 1q “ 1 for any m ě 2.
Proof. For the proof of (i), note that there does not exist a Z-lattice of rank m
that represents both Im and Im´1 K x2y simultaneously, where Im is the Z-lattice
of rank m whose corresponding symmetric matrix is the identity matrix.
To prove the first inequality of (ii), let k “ κpm ` 1, n ` 1q. Let ℓ1, . . . , ℓk be
any Z-lattices of rank m. From the definition of κpm ` 1, n ` 1q, there exists a
Z-lattice L of rank n ` 1 which represents x1y K ℓi for any 1 ď i ď k. Since the
Z-lattice L represents 1, there is a Z-sublattice L1 of L such that L “ x1y K L1.
Note that the Z-lattice L1 represents ℓi for any i “ 1, 2, . . . , k. Therefore, we have
κpm` 1, n` 1q ď κpm,nq. The second inequality is almost trivial.
Now, we prove (iii). Note that for any positive integers a and b, the unary Z-
lattices Z-lattices xay and xby are represented by the binary Z-lattice xa, by. One
may easily check that there does not exist a binary Z-lattice representing 1, 2, and
15. Therefore, we have κp1, 2q “ 2. To prove the second assertion, suppose that
there is a Z-lattice, say L, of rank m`1 that represents both Im and Im´2 K x3, 3y.
Then L » Im K xay for some positive integer a. However, x3, 3y is not represented
by I2 K xay over Q2 for any positive integer a. Therefore, we have κpm,m` 1q “ 1
for any positive integer m ě 2. 
In fact, we have the following proposition more general than the first part of (iii)
in Theorem 2.1.
Proposition 2.2. For any positive integers a and b which are not contained in the
same square class, there are infinitely many positive integers c such that no binary
Z-lattice represents a, b, and c simultaneously.
Proof. Assume that a binary Z-lattice L represents both a and b, and assume that
Qpxq “ a and Qpyq “ b for some x, y P L. Then two vectors x and y are linearly
independent by the hypothesis of the lemma. Hence we have m1pLq ď minpa, bq
and m2pLq ď maxpa, bq. Therefore, we have dL ď m1pLq ¨m2pLq ď ab, and hence
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there are only finitely many Z-lattices of rank 2, up to isometry, that represents
both a and b.
Now, let L1, . . . , Lt be all such binary Z-lattices up to isometry. Let p be any
prime such that ˆ´dLi
p
˙
“ ´1 for any 1 ď i ď t,
where
`
¨
¨
˘
denotes the Legendre symbol. Then p is not represented by pLiqp –
x1,´∆py over Zp for any i, where ∆p is a non-square unit in Zˆp . Hence it is not
represented by Li over Z for any i “ 1, 2, . . . , t. The lemma follows from this and
the fact that there are infinitely many such primes p by the Chinese Remainder
Theorem and the Dirichlet’s theorem on arithmetic progressions. 
Theorem 2.3. We have κp1, 3q “ 6.
Proof. Consider the following seven ternary Z-lattices:
Lp1q “
¨
˝2 1 01 2 1
0 1 3
˛
‚, Lp2q “ x1y K ˆ3 1
1 5
˙
, Lp3q “ x1, 1, 5y,
Lp4q “ x1y K
ˆ
2 1
1 2
˙
, Lp5q “ x1, 2, 3y, Lp6q “ x1, 1, 1y, and Lp7q “ x1, 1, 2y.
Note that each of these seven Z-lattices has class number 1, and one may easily
check that Lp1q, . . . , Lp7q represent all positive integers except for the integers of
the form
22sp8t` 1q, 22s`1p8t` 1q, 22sp8t` 3q,
22sp8t` 5q, 22s`1p8t` 5q, 22sp8t` 7q, and 22s`1p8t` 7q,
respectively, where s and t run over all non-negative integers. Therefore, for any
set S of six positive integers, at least one of Lp1q, . . . , Lp7q represents all integers
in the set S. This proves that κp1, 3q ě 6.
On the other hand, we claim that there is no ternary Z-lattice that represents
1, 2, 3, 5, 10, 14, and 15 simultaneously. Assume to the contrary that there is a
ternary Z-lattice, say L, which represents all of these seven integers. Since L
represents 1, L “ x1y K L1 for some binary Z-lattice L1. In order for L to represent
2, the first successive minimum m1pL1q of L1 should be less than or equal to 2.
Furthermore, in order for L to represent 3 or 5, L1 should be isometric to one of
the following 11 binary Z-lattices:
x1, 1y, x1, 2y, x1, 3y, x2, 2y, x2, 3y, x2, 4y, x2, 5y,ˆ
2 1
1 2
˙
,
ˆ
2 1
1 3
˙
,
ˆ
2 1
1 4
˙
, and
ˆ
2 1
1 5
˙
.
One may easily check that none of 11 Z-lattices of the form x1y K L1 represents
integers 1, 2, 3, 5, 10, 14, and 15 simultaneously. Therefore, we have κp1, 3q “ 6. 
The following proposition says that in many cases, there is a ternary Z-lattice
that represents all of seven integers given in advance.
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Proposition 2.4. Let A “ ta1, . . . , a7u be a set of positive integers such that there
does not exist a ternary Z-lattice representing all of integers in the set A. Then we
have the followings:
(i) For any i ‰ j, ai  aj over Q2, and ai  6 over Q2 for any i “ 1, 2, . . . , 7;
(ii) For some i and j, ai „ 3 and aj „ 6 over Q3.
(iii) For some i and j, ai „ 5 and aj „ 10 over Q5.
(iv) For some i, ai is odd. Moreover, under the GRH, it belongs to
t3, 7, 21, 31, 33, 43, 67, 79, 87, 133, 217, 219, 223, 253, 307, 391, 679, 2719u.
Proof. If the set A does not satisfy the condition (i), then for some i “ 1, 2, . . . , 7
the ternary Z-lattice Lpiq in Theorem 2.3 represents all integers in the set A.
Now, consider the following four ternary Z-lattices:
Mp1q “ x1, 1, 6y, Mp2q “ x1, 1, 3y, Mp3q “ x1y K
ˆ
2 1
1 3
˙
, and Mp4q “ x1, 2, 5y.
Each of them has class number 1, and one may easily check thatMp1q,Mp2q,Mp3q,
and Mp4q represents all positive integers except for the integers of the form
32s`1p3t` 1q, 32s`1p3t` 2q, 52s`1p5t˘ 1q, 52s`1p5t˘ 2q,
respectively. This proves the assertions (ii) and (iii). To prove the assertion (iv),
let us consider the ternary Z-lattice N “ x1, 1, 10y which corresponds to the Ra-
manujan’s ternary quadratic form. Note that N represents all positive even integers
except for those of the form 22s`1p8t`3q. Since A does not contain an even integer
of the form 22s`1p8t` 3q by (i), N represents all even integers in the set A. More-
over, under the GRH, all odd integers which are not represented by N are those
integers given above (see [12]). This completes the proof of (iv). 
In fact, the infinitude of the ring Rpm1,m2,m3q defined in the introduction
comes from the existence of a non-classic integral binary Z-lattice representing m1,
m2, and m3. Note that an integer a is represented by a non-classic integral Z-lattice
L if and only if 2a is represented by the even Z-lattice L2. Here L2 is the Z-lattice
obtained from L by scaling 2. Furthermore, for any integral Z-lattice M , an even
integer 2b is represented by M if and only if 2b is represented by
Mpeq :“ tx P L : Qpxq ” 0 pmod 2qu,
which is an even integral Z-lattice. Therefore, to deal with a non-classic integral
case, we consider the representations of even integers by an integral Z-lattice.
Theorem 2.5. (1) For any subset A “ ta1, . . . , a7u of even positive integers, there
is a ternary Z-lattice that represents all integers in the set A.
(2) For a set P “ t7, 11, 13, 17, 23, 29, 31, 37, 39u of prime numbers, let
N “ Nα “ 4α ¨
ź
pPP
p,
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where α is a positive integer satisfying
α ” ´
ź
pPP
p pmod 8q and
ˆ
α
p
˙
“
$’’&
’’’%
ź
qPP´tpu
ˆ
q
p
˙
if p P t11, 17u,
´
ź
qPP´tpu
ˆ
q
p
˙
if p P P ´ t11, 17u.
Then there does not exist ternary Z-lattice representing 2, 4, 6, 10, 12, 14, 20, and N
simultaneously.
Proof. The assertion (1) follows immediately from (iv) of Proposition 2.4. To prove
the assertion (2), assume that there is a ternary Z-lattice L representing all of the
integers given above. Let x1 P L be a vector such that Qpx1q “ m1pLq. Since L
represents 2, we have Qpx1q ď 2.
If Qpx1q “ 1, then Zx1 does not represent 2. Hence, L contains a vector x2 R Zx1
such that Qpx2q “ 2. If Qpx1q “ 2, then Zx1 does not represent 4, and hence L
contains a vector x2 R Zx1 such that Qpx2q “ 4. Therefore, L contains a binary
Z-lattice Zx1 ` Zx2 which is isometric to one of the following binary Z-lattices:ˆ
1 0
0 2
˙
,
ˆ
1 1
1 2
˙
,
ˆ
2 0
0 4
˙
,
ˆ
2 1
1 4
˙
, and
ˆ
2 2
2 4
˙
.
Note that each of the above five binary Z-lattices does not represent 10, 6, 10, 6, and
6, respectively. Hence, L contains a vector x3 R Zx1 ` Zx2 such that Qpx3q “ 6 or
10. We define a sublattice L1 “ Zx1 ` Zx2 ` Zx3 of L. For example, if L contains
the binary Z-lattice x1, 2y, then
L1 “
¨
˝1 0 a0 2 b
a b 10
˛
‚ for some integers a and b.
Since L1 is positive definite, dL1 “ 20 ´ 2a2 ´ b2 ą 0. Therefore, all possible
candidates for pa, bq are, up to isometry,
pa, bq “ p0, 0q, p0, 1q, p0, 2q, p0, 3q, p0, 4q, p1, 0q, p1, 1q, p1, 2q,
p1, 3q, p1, 4q, p2, 0q, p2, 1q, p2, 3q, p3, 0q, p3, 1q.
By considering all possible cases, one may show that there are exactly 52 candidates
for L1 up to isometry. Note that if the discriminant of L1 is square-free, then we
have L “ L1. However, if the discriminant of L1 is not square-free, L could be a
ternary Z-lattice properly containing L1.
Among those 52 candidates, there are exactly 34 lattices which do not represent
one of the integers 10, 12, 14, and 20. Furthermore, one may show that any Z-
lattice properly containing one of those 34 lattices does not represent the same
integer except for the following the only one case:
L1 – x2y K
ˆ
4 2
2 8
˙
and L – x2y K
ˆ
2 1
1 4
˙
.
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In this exceptional case, the Z-lattice L does represent 14, though L1 does not
represent 14. However, L does not represent N over Z7 and therefore it does not
represent N over Z.
Among the remaining 18p“ 52´34q Z-lattices, exactly nine Z-lattices are sublat-
tices of x1, 1, 1y. Those nine Z-lattices do not represent the integer N , for x1, 1, 1y
does not represent any integer of the form 4 ¨ p8k ` 7q. Finally, the remaining
9p“ 18´ 9q Z-lattices are one of the followings:
x2y K
ˆ
2 1
1 4
˙
, x2y K
ˆ
2 1
1 6
˙
,
¨
˝2 1 01 4 1
0 1 4
˛
‚,
¨
˝2 1 11 4 2
1 2 6
˛
‚, x2y K ˆ4 1
1 6
˙
,
¨
˝2 0 10 4 1
1 1 8
˛
‚, x2y K ˆ4 1
1 8
˙
,
¨
˝2 0 10 4 1
1 1 10
˛
‚, and x2y K ˆ4 1
1 10
˙
.
One may directly check that all these Z-lattices do not represent the integer N
locally. This completes the proof. 
3. Binary case
In this section, we consider the binary case. We also introduce the notion that
a pair of Z-lattices of rank m is “buried in rank n” for some positive integers m
and n with m ď n, and deal with some related problems. In the previous section,
we have proved that κp2, 2q “ κp2, 3q “ 1. To compute the value κp2, 4q, we need
some lemmas.
Lemma 3.1. For any binary Z-lattice ℓ, there are infinitely many isometry classes
of binary Z-lattices ℓ1 such that the number quaternary Z-lattices representing both
ℓ and ℓ1 is finite up to isometry.
Proof. Choose a prime p such that
p ” 3 pmod 4q and
ˆ
dℓ
p
˙
“ 1.
Note that there are infinitely many primes satisfying these properties. Let L be a
quaternary Z-lattice representing both ℓ and ℓ1ppq “ xp, py. Let txiu be a Minkowski
reduced basis for L such that Qpxiq “ mipLq for each i “ 1, 2, . . . , 4. Note that
such a basis always exists (for this, see [14]). If ℓ is not represented by the 3 ˆ 3
section L1 “ Zx1 ` Zx2 ` Zx3 of L, then we have m4pLq ď m2pℓq by Lemma
2.1 of [9]. Hence the number of possible quaternary Z-lattices L is finite up to
isometry. Suppose on the contrary that ℓ is represented by L1. Then we have
L1p – x1, 1, αy for some α P Zp. Since xp, py is not represented by L1 over Zp, we
have m4pLq ď m2pℓ1ppqq “ p. This completes the proof. 
Lemma 3.2. For any finite number of quaternary Z-lattices L1, . . . , Lt, there are
infinitely many isometry classes of binary Z-lattices ℓ which are not represented by
Li for any i with 1 ď i ď t.
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Proof. Without loss of generality, we may assume that there is an integer j with
0 ď j ď t such that
dLi “
#
u2i for 1 ď i ď j,
u2i ¨ vi for j ` 1 ď i ď t,
where ui’s are integers for any i with 1 ď i ď t, and vi’s are square-free integers
greater than 1 for any i with j ` 1 ď i ď t. Choose a prime p such that
(i)
´
vi
p
¯
“ ´1 for any i with j ` 1 ď i ď t,
(ii) pp, 2u1 ¨ ¨ ¨utq “ 1,
(iii) p ” 1 pmod 4q.
For each 1 ď i ď j, note that if the Hasse symbol S2pQ2Liq is 1, then Q2Li is the
anisotropic space. Hence pLiq2 does not represent any binary isotropic Z2-lattice
in this case. On the other hand, if S2pQ2Liq “ ´1, then by the Hilbert Reciprocity
Law, there exists an odd prime q “ qi such that SqpQqLiq “ ´1. Hence pLiqq is
anisotropic, and therefore pLiqq does not represent any binary isotropic Zq-lattice.
For any i with j ` 1 ď i ď t, we have pLiqp – x1, 1, 1,∆py. Note that the binary
Zp-lattice xp,´p∆py is not represented by pLiqp.
Now, choose a positive integer α satisfying
α ” 7 pmod 8q,
ˆ´α
p
˙
“ ´1, and
ˆ´α
qi
˙
“ 1,
for any i with 1 ď i ď j such that S2pQ2Liq “ 1. Note that there are infinitely
many such integers α. We define a binary Z-lattice ℓ “ ℓpαq “ xp, pαy. Then from
the construction of p and α, the binary Z-lattice ℓ is not represented by any of Li’s
for any i with 1 ď i ď t, because$’’&
’’%
ℓ2 – xp,´py2 ÛpLiq2 if 1 ď i ď j and S2pQ2Liq “ 1,
ℓqi – xp,´pyqi ÛpLiqqi if 1 ď i ď j and S2pQ2Liq “ ´1,
ℓp – xp,´p∆pyp ÛpLiqp if j ` 1 ď i ď t.
This completes the proof. 
Theorem 3.3. For any binary Z-lattice ℓ, there are infinitely many pairs pℓ1, ℓ2q
of isometry classes of binary Z-lattices such that there does not exist a quaternary
Z-lattice representing ℓ and ℓ1, ℓ2 simultaneously. In particular, we have κp2, 4q “ 2.
Proof. For any two binary Z-lattices ℓ1 and ℓ2, they are represented by the qua-
ternary Z-lattice ℓ1 K ℓ2. Hence we have κp2, 4q ě 2. Now, the theorem follows
directly from Lemmas 3.1 and 3.2. 
Remark 3.4. As a concrete example of the above theorem, one may easily show that
there does not exist a quaternary Z-lattice representing x1, 1y, x3, 3y, and x7, 161y
simultaneously.
Let ℓ1 and ℓ2 be Z-lattices of rank m. We say the pair pℓ1, ℓ2q of Z-lattices is
buried in rank n if there is a Z-lattice L of rank n representing both ℓ1 and ℓ2.
Similarly, we define the pair pℓ1, ℓ2q is buried in rank n over Zp (Qp) if there is a
Zp-lattice Lp (Qp-space Vp) representing both ℓ1 and ℓ2 over Zp (Qp, respectively).
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From the definition, if the pair pℓ1, ℓ2q is buried in rank n, then it is buried in rank
r for any integer r ě n. Clearly, any pair of Z-lattices of rank m is buried in rank
2m. For any binary Z-lattice ℓ, there are infinitely many isometry classes of binary
Z-lattices ℓ1 such that pℓ, ℓ1q is not buried in rank 3 by Lemma 3.1.
Note that if the pair pℓ1, ℓ2q of Z-lattices is buried in rank n then it should be
buried in rank n over Zp for any prime p.
Proposition 3.5. Let ℓ1 and ℓ2 be even Z-lattices of rank m. Then for any prime
p, the followings are equivalent.
(i) The pair pℓ1, ℓ2q is buried in rank n over Zp.
(ii) The pair pℓ1, ℓ2q is buried in rank n over Qp.
(iii) As quadratic Qp-spaces, Qpℓ1 » Qpℓ2 or dpQpℓ1q ‰ dpQpℓ2q and n “ m`1,
or n ě m` 2.
Proof. One may easily show that (i) implies (ii), and (ii) is equivalent to (iii). To
show that (ii) implies (i), let Vp be a quadratic space that represents Qpℓ1 and Qpℓ2
over Qp. Choose any 2Zp-maximal Zp-lattice Lp on Vp. From the definition of the
maximal lattice, Lp represents both ℓ1 and ℓ2 over Zp. 
Remark 3.6. If ℓ1 or ℓ2 is not an even Z-lattice, then the above proposition does
not hold for p “ 2. For example, let ℓ1 “ x1, 28y and ℓ2 “
ˆ
2 1
1 2
˙
. Then the pair
pℓ1, ℓ2q is buried in rank 3 over Q2. In fact, the quadratic Q2-space ℓ2 K x2y of rank
3 represents x1, 28y over Q2. However, there is no Z2-lattice of rank 3 representing
both ℓ1 and ℓ2.
Let ℓ1 and ℓ2 be Z-lattices of rank m. We say the pair pℓ1, ℓ2q is buried in a
genus of rank n if there is a Z-lattice L of rank n such that ℓ1 Ñ L and ℓ2 Ñ L1
for some L1 P genpLq. Note that if the pair pℓ1, ℓ2q of Z-lattices is buried in rank
n, then it is buried in a genus of rank n. The following example shows that the
converse does not hold in general.
Example 3.7. Let ℓ1 “ x1, 23y and ℓ2 “ x2, 3y. One may easily show that there is
no ternary Z-lattice representing both ℓ1 and ℓ2. However, we see that
ℓ1ÑL1 “ x1y K
ˆ
5 1
1 23
˙
and ℓ2ÑL2 “ x2, 3, 19y,
and L2 P genpL1q. Hence the pair pℓ1, ℓ2q is buried in genpL1q of rank 3.
Proposition 3.8. Let ℓ1, ℓ2 be even Z-lattices of rank m. Then the pair pℓ1, ℓ2q is
buried in rank n over Qp for any prime p if and only if it is buried in a genus of
rank n.
Proof. Note that the “if” part is trivial. To prove the “only if” part, we first prove
that there is a quadratic Q-space V representing both Qℓ1 and Qℓ2. If n “ m or
n ě m ` 2, then the existence of such a quadratic Q-space follows directly from
Proposition 3.5. Assume that n “ m ` 1. Let α be a positive integer. Note that
by the Local-Global principle, we have
Qℓ1ÑQℓ2 K xαy ðñ pdℓ1dℓ2, αqp “ Spℓ1 ¨Spℓ2 ¨ pdℓ1dℓ2, dℓ2qp for any prime p,
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where Spp¨q is the Hasse symbol over Qp. One may easily show that there is a
subset P0 Ă Pp2dℓ1dℓ2q and a prime q R Pp2dℓ1dℓ2q such that˜
dℓ1dℓ2,
ź
rPP0
r ¨ q
¸
p
“ Spℓ1 ¨ Spℓ2 ¨ pdℓ1dℓ2, dℓ2qp for any prime p P Pp2dℓ1dℓ2q.
Note that if dℓ1dℓ2 „ 1 over Qp, then the above equality holds, for Qpℓ1 » Qpℓ2
from the assumption. For any prime p R Pp2dℓ1dℓ2q Y tqu, one may easily check
that
(3.1) Qpℓ1ÑQpℓ2 K x
ź
rPP0
r ¨ qy.
Since (3.1) holds for any prime p ‰ q, Qℓ1 is represented by V “ Qℓ2 K x
ś
rPP0
r ¨qy
by the Hilbert Reciprocity Law and the Local-Global principle. Now, one may easily
show that the pair pℓ1, ℓ2q is buried in the genus of a 2Z-maximal lattice on V of
rank n` 1. 
Corollary 3.9. Let ℓ1, ℓ2 be Z-lattices of rank m which are not necessarily even.
Then the pair pℓ1, ℓ2q is buried in rank n over Zp for any prime p if and only if it
is buried in a genus of rank n.
Proof. Since the proof is quite similar to the above, we only provide the proof of
the “only if” part in the case when n “ m ` 1. Assume that Kp2q is a Z2-lattice
representing both ℓ1 and ℓ2 over Z2. Then one may suitably choose an integer α in
Proposition 3.8 so that the quadratic Q-space V defined there represents Kp2q over
Q2. Let K be any 2Z-maximal lattice on V . Then both ℓ1 and ℓ2 are represented
by K over Zp for any prime p ‰ 2. Now, define a Z-lattice L such that
Lp “
#
Kp2q if p “ 2,
Kp otherwise.
Then clearly, the pair pℓ1, ℓ2q is buried in the genpLq of rank n` 1. 
We say a Z-lattice L is primitive if there is no integral Z-lattice properly con-
taining L on the quadratic Q-space QL.
Theorem 3.10. Let ℓ1 and ℓ2 be primitive binary Z-lattices such that the pair
pℓ1, ℓ2q is not buried in rank 2. Then the followings are equivalent.
(i) The pair pℓ1, ℓ2q is buried in rank 3.
(ii) There exists a positive integer a primitively represented by both ℓ1 and ℓ2
as well as the following open interval contains an integer:
Iℓ1,ℓ2,a :“
ˆ
b1b2 ´
?
dℓ1dℓ2
a
,
b1b2 `
?
dℓ1dℓ2
a
˙
,
where ℓ1 “
ˆ
a b1
b1 c1
˙
and ℓ2 “
ˆ
a b2
b2 c2
˙
.
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Proof. First, we prove that (i) implies (ii). Let L be a ternary Z-lattice containing
both ℓ1 and ℓ2. Let us write
ℓ1 “ Zu1 ` Zv1 and ℓ2 “ Zu2 ` Zv2.
Since the vectors u1, u2, v1, and v2 are linearly dependent in L, there are integers
a, b, c, and d such that
x :“ au1 ` bv1 “ cu2 ` dv2 and pa, b, c, dq “ 1.
We claim that pa, bq “ pc, dq “ 1. Suppose on the contrary that, without loss of
generality, there exists a prime p such that p | pa, bq but p ∤ g :“ pc, dq. Then we
have
x
g
“
ˆ
c
g
˙
u2 `
ˆ
d
g
˙
v2 “ p
g
„ˆ
a
p
˙
u1 `
ˆ
b
p
˙
v2

P ℓ2 X pL.
Hence x
g
is a primitive vector in ℓ2, whereas it is not a primitive vector in L.
This is a contradiction to the assumption that ℓ2 is primitive. Therefore, we have
pa, bq “ pc, dq “ 1, and hence x is a primitive vector in both ℓ1 and ℓ2. Moreover,
x is also a primitive vector in L. Let
ℓ1 “ Zx ` Zx1 –
ˆ
a b1
b1 c1
˙
and ℓ2 “ Zx` Zx2 –
ˆ
a b2
b2 c2
˙
.
If we consider a ternary Z-lattice L1 :“ Zx ` Zx1 ` Zx2 Ď L, then one may easily
verify that Bpx1, x2q belongs to the open interval Iℓ1,ℓ2,a from the fact that dL1 is
positive.
To prove that (ii) implies (i), let t be an integer in the open interval Iℓ1,ℓ2,a.
Consider a ternary Z-lattice
Lptq “
¨
˝ a b1 b2b1 c1 t
b2 t c2
˛
‚.
Clearly, Lptq represents both ℓ1 and ℓ2, and the condition t P Iℓ1,ℓ2,a implies dLptq ą
0, that is, Lptq is positive definite. 
Corollary 3.11. Let ℓ1 and ℓ2 be binary Z-lattices. If there is a positive integer
a with a2 ď 4dℓ1dℓ2 that is primitively represented by both ℓ1 and ℓ2, then the pair
pℓ1, ℓ2q is buried in rank 3.
Proof. From the hypothesis, we may assume that
ℓ1 “
ˆ
a b1
b1 c1
˙
and ℓ2 “
ˆ
a b2
b2 c2
˙
,
for some integers b1, b2, c1, and c2. Let Lptq be the Z-lattice defined in the proof of
Theorem 3.10. Then Lptq represents both ℓ1 and ℓ2 for any integer t, though it is not
necessarily positive definite. If we choose an integer t such that |t´ b1b2{a| ď 1{2,
then
dLptq “ ´apt´ b1b2q2 ` dℓ1dℓ2{a ě ´a{4` dℓ1dℓ2{a ě 0.
Therefore, Lptq is a positive semi-definite Z-lattice of rank 3. The corollary follows
directly from this. 
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Example 3.12. In general, the converse of Corollary 3.11 does not hold. Let us
consider the following two binary Z-lattices:
ℓ1 “
ˆ
21 5
5 64
˙
and ℓ2 “
ˆ
24 1
1 55
˙
.
They are in the same genus and dℓ1 “ dℓ2 “ 1319. The smallest positive integer a
that is primitively represented by both ℓ1 and ℓ2 is 3080. Note that a
2 ą 4dℓ1dℓ2
and
ℓ1 –
ˆ
3080 1321
1321 567
˙
and ℓ2 –
ˆ
3080 1409
1409 645
˙
.
Although ℓ1 and ℓ2 do not satisfy the condition of Corollary 3.11, the ternary
Z-lattice Lp604q defined in the proof of Theorem 3.10, that is,
Lp604q “
¨
˝3080 1321 14091321 567 604
1409 604 645
˛
‚
represents both ℓ1 and ℓ2.
Conjecture 3.13. Let ℓ1, ℓ2 be any binary Z-lattices with dℓ1 “ dℓ2. Moreover,
assume that the pair pℓ1, ℓ2q is buried in a genus of rank 3. Then we conjecture
that the pair pℓ1, ℓ2q is buried in rank 3. We checked this conjecture is true when
dℓ1 “ dℓ2 ď 3000.
4. Lower rank cases
In this section, we compute the value κpm,nq for any integer m with 3 ď m ď 8.
Theorem 4.1. We have the followings:
(i) κpm,nq “ 1 for any pm,nq with m ď n ă uZpmq ´ 1 and 3 ď m ď 8;
(ii) κpm,nq is given as follows when n “ uZpmq ´ 1.
pm,nq p3, 5q p4, 6q p5, 7q p6, 12q p7, 14q p8, 15q
κpm,nq 1 or 2 1 or 2 1 2 2 1
Proof. Note that if κp5, 7q “ 1, then the results for 3 ď m ď 4 follows immediately
by Theorems 2.1 and 3.3. Therefore, we first show that κp5, 7q “ 1. In fact, we will
show that there is no Z-lattice of rank 7 that represents both
ℓ1 :“ A5 and ℓ2 :“ I2 K K K x105y, where K “
ˆ
4 1
1 4
˙
.
Assume to the contrary that a Z-lattice L of rank 7 represents the above two
quinary Z-lattices. Let L “ Ik K M , where M is a Z-lattice of rank 7 ´ k such
that m1pMq ě 2. Since L represents ℓ2, we have k ě 2. Furthermore, since L
represents the indecomposable lattice ℓ1 “ A5, it should be isometric to either
I2 K A5 or I6 K xty for some positive integer t. However, one may easily check that
ℓ2Û I2 K A5, which implies that L “ I6 K xty for some positive integer t. Now,
since ℓ2 is represented by L, the binary Z-lattice K is represented by I4 K xty. Since
K is not represented by I4, we have 1 ď t ď 3. Under the assumption that K is a
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sublattice of I4 K xty, the orthogonal complement KK of K in I4 K xty is isometric
to ˆ
2 1
1 3
˙
K x3y, x1, 3, 10y, or
ˆ
2 1
1 2
˙
K x15y,
according as t “ 1, 2, or 3, respectively. However, x105y is not represented by KK
in any cases, which contradicts to the assumption that ℓ2ÑL.
Now, assume that m “ 6, 7, or 8. Note that if a Z-lattice L represents both Im
and the root lattice Em of rank m, then L should represent Im K Em. This implies
that κpm,nq “ 1 for any integer n with m ď n ď 2m´ 1. On the other hand, since
A6Û I6 K E6 and A677
„
2
1
7

Û I7 K E7,
we have κp6, 12q “ κp7, 14q “ 2. For the definition of the above Z-lattice, see [4].
This completes the proof. 
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